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Exercise 2.1. Let R be a UFD, prove that every irreducible element in R is prime.

Exercise 2.2. Let R be a ring. Show that the following two conditions are equivalent:

(i) Every ideal in R can be generated by finitely many elements.
(i) R satisfies the ascending chain condition: every (infinite) ascending chain of ideals Iy C Iy C I3 C ...
is stationary, i. e. we must have I, = I,11 = Ipyo = ... for some m.
If R satisfies these conditions, it is called Noetherian

Definition. Let R be an integral domain. A Euclidean norm in R is a map N : R\ 0 — N satisfying the
following.

For every a,b € R with b # 0, there exist q,r € R such that:

ea=qb+r
e N(r) < N(b) orr=0

A Euclidean domain is an integral domain with a Euclidean norm.
Exercise 2.3. Prove that every Fuclidean domain is a PID.
Exercise 2.4. Let F be a field, prove that F[z] is a Euclidean domain.

Exercise 2.5. Let p € Z be a prime number, and let g(z) € (Z/pZ)[z] be any irreducible polynomial. Let
g(x) € Zlx] be such that it image under the natural reduction (Z/pZ)[x] is g(x). Show that the ideal (p, g(x))
is mazimal in Z[x]



